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Abstract. Let Eq be a stable principal G-bundle over a compact connected Kahler 
manifold, where G is a connected reductive linear algebraic group defined over C. Let 
H C G be a complex reductive subgroup which is not necessarily connected, and let 
Eh C Eq be a holomorphic reduction of structure group. We prove that Eh is preserved 
by the Einstcin-Hcrmitian connection on Eq. Using this we show that if Eh is a minimal 
reductive reduction, which means that there is no complex reductive proper subgroup of 
H to which Eh admits a holomorphic reduction of structure group, then Eh is unique 
in the following sense: For any other minimal reduction of structure group (H 1 , Eh> ) of 
Eq to some reductive subgroup H', there is some element g £ G such that H 1 = g~ 1 Hg 
and Eh> = Eng. As an application, we show the following: 

Let M be a simply connected, irreducible smooth complex projective variety of di- 
mension n such that the Picard number of M is one. If the canonical line bundle Km 
is ample, then the algebraic holonomy of the holomorphic tangent bundle T 1,0 M is 
GL(n, C). If K M is ample, the rank of the Picard group of M is one, the biholomorphic 
automorphism group of M is finite, and M admits a Kahler-Einstein metric, then the 
algebraic holonomy of T lfi M is GL(n,C). 

These answer some questions posed in BK . 



1. Introduction 

In |BK] . Balaji and Kollar introduced the notion of algebraic holonomy of polystable 
vector bundles on normal projective varieties defined over C. Given a polystable vector 
bundle E over M together with a smooth point x G M, the algebraic holonomy of E is 
a canonically associated complex reductive subgroup of Aut(E x ), the group of all linear 
automorphisms of the fiber E x , which is constructed using the restrictions of E to the 
general complete intersection curves of sufficiently large degrees that pass through x. Our 
aim here is to address some questions in |BK] , which are recalled below, on the algebraic 
holonomy. 

Let M be a simply connected, irreducible smooth complex projective variety equipped 
with a Kahler-Einstein metric. In [BK1 Question 9] it is asked whether the algebraic 
holonomy of the holomorphic tangent bundle T 1,0 M coincides with the complexification 
of the differential geometric holonomy of M. 

Let M be a simply connected, irreducible smooth complex projective variety whose 
Neron-Severi group NS(M) is of rank one. We note that rank(NS(M)) = rank(Pic(M)) 
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because M is simply connected. In |BKT Question 51] it is asked whether the condition 
that the canonical line bundle Km is ample implies that the algebraic holonomy of T 1,0 M 
is full GL(n, C). We note that from a theorem of Aubin and Yau it follows that the 
holomorphic tangent bundle T 1,0 M of M is polystable provided Km is ample. If the 
anticanonical line bundle K M l is ample, Aut(X) < oo, and the holomorphic tangent 
bundle T 1,0 M is polystable, the Question 48 of [BKj asks whether the algebraic holonomy 
of T 1,0 M is GL(n, C). 

We show that both Question 9 and Question 51 have an affirmative answer. We also 
show that Question 48 has an affirmative answer under the extra assumption that M 
admits a Kahler-Hermitian metric. 

Let M be a compact connected Kahler manifold equipped with a Kahler form. Let 
G be a connected reductive linear algebraic group defined over C. It is known that any 
stable principal G-bundle over M admits a unique Einstein-Hermitian connection. 

We prove the following (see Theorem 12.31) : 

Theorem 1.1. Let Eq be a stable G-bundle over M. Let H be a complex reductive 
subgroup of G which is not necessarily connected, and let Eh C Eg be a holomorphic 
reduction of structure group of Eg to H. Then the Einstein-Hermitian connection on Eg 
is induced by a connection on E H . 

Let if be a complex reductive subgroup of G which is not necessarily connected, and 
let E H C Eq be a holomorphic reduction of structure group to if of a stable G-bundle 
Eg defined over M. Assume that there is no complex reductive proper subgroup of H 
to which Eh admits a holomorphic reduction of structure group. Such reductions will 
be called the minimal reductive ones. Theorem 11.11 says that Eh is preserved by the 
Einstein-Hermitian connection on Eq- 

Fix a point xq G M, and also choose a point in the fiber z G (Eg)z- Taking parallel 
translations, for the Einstein-Hermitian connection on Eq, of z along piecewise smooth 
paths in M based at xq we get a subset of Eg- The topological closure, in Eg, of this 
subset gives a smooth reduction of structure group of E G to a compact subgroup K E C G. 
The corresponding smooth reduction of structure group E^. c of Eg to the Zariski closure 

K E of Ke in G is actually holomorphic. We prove the following (see Theorem 13. II) : 

Theorem 1.2. There is a point zq G (Eg) z such that the above minimal reductive reduc- 
tion Eh coincides with £2^ . In particular, H coincides with K E for such a base point 

Zq. 

Consequently, if (if ,Eh) and (H' ,Eh>) are two minimal reductive reductions of Eg, 
then there is an element g G G such that H' = g~ 1 Hg and Eh> = Eng- This gives us 
the following corollary (Corollary 13.21) : 
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Corollary 1.3. Let Eg be a stable principal G-bundle over M . Then there is a unique 
holomorphic sub-fiber bundle Qe g of the adjoint bundle A(1(Eg), with fibers being sub- 
groups, that satisfies the following condition: For any minimal reductive reduction E H of 
Eg, the adjoint bundle Ad(-E#) ; which is a sub-fiber bundle of A&(Eg), coincides with 
Ge g - 

The sub-fiber bundle Qe g C Ad(Ea) in Corollary 11.31 is the complexification of the 
holonomy of the Einstein-Hermitian connection on Eq. While the stability condition does 
not depend on the choice of a Kahler form in a given Kahler class, the Einstein-Hermitian 
connection on a stable bundle depends on the choice of the Kahler form. We note that the 
sub-fiber bundle Q e g does not depend either on the Kahler form or on the Kahler class as 
long as Eg remains stable. When M is a complex projective manifold, Qe g coincides with 
the algebraic holonomy of Eq- In particular, Theorem 11.21 gives an affirmative answer to 
Question 9 of [BK] . 

In Theorem 16.11 we prove the following: 

Theorem 1.4. Let M be a simply connected, irreducible smooth complex projective variety 
of dimension n such that the canonical line bundle Km is ample, and rank(NS(M)) = 1. 
Then the algebraic holonomy ofT l,0 M is GL(n, C). 

In Theorem 16.21 we prove the following: 

Theorem 1.5. Let M be an irreducible smooth complex projective variety of dimension 
n satisfying the following four conditions: 

• the anticanonical line bundle K M is ample, and M admits a Kahler- Einstein 
metric, 

• rank(NS(M)) = 1, 

• the biholomorphic automorphism group of M is finite, and 

• the holomorphic tangent bundle T 1,0 M is polystable. 

Then the algebraic holonomy ofT l,Q M is GL(n, C). 

The following structure theorem for Kahler-Einstein manifolds with nonzero Ricci forms 
was formulated by Janos Kollar after seeing an earlier version of the manuscript. 

Theorem 1.6. Let M be an irreducible smooth complex projective variety admitting a 
Kahler metric g that satisfies the Kahler-Einstein equation 

p{g) = X-u 

for some A ^ 0, where p(g) is the Ricci form for g . Then there is a connected finite etale 
Galois cover 

(j) : M — - M 
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such that the Kdhler manifold (M , (jfg) is biholomorphically isometric to a Cartesian 
product 

d 

tl(Ni, gi ), 

i=l 

and furthermore, 

• each (Ni,gi), i e [1 ,d], is a compact connected Kdhler manifold satisfying the 
Kdhler-Einstein equation with the constant of proportionality coinciding with A in 
eqn. ( 16. II) . and 

• for each i e [1 , d] , at least one of the following two statements is valid: 

(1) The universal cover of Ni equipped with the pull back of the Kdhler metric Q{ is a 
Hermitian symmetric space. 

(2) The algebraic holonomy ofT 1,0 Ni is GL(rij,C) ; where is the complex dimension 
ofNi. 



Acknowledgements. The author is very grateful to Janos Kollar for formulating Theorem 
11.61 The author is very grateful to Dominic D. Joyce for his help with Lemma [4.11 

2. Einstein-Hermitian connection and reduction of structure group 

Let M be a compact connected Kahler manifold equipped with a Kahler form uj. The 
degree of a torsionfree coherent analytic sheaf V on M is defined to be 

degree(^) := ( Cl (V) U u dlmc M ~ l ) C\ [M] G E. 

Let G be a connected reductive linear algebraic group defined over C. Since the degree 
has been defined, we have the notions of a stable G-bundle and a polystable G-bundle 
over M. See [RS] , [AB] . |Ra2j for definitions of stable and polystable principal G-bundles. 

Fix a maximal torus T C G and a Borel subgroup B C G containing T. We also fix 
a maximal compact subgroup K of G. By a parabolic subgroup of G we will mean one 
containing B. Therefore, the Levi quotient L(Q) of any parabolic subgroup Q C G is 
also a subgroup of Q. Let Z (G) denote the connected component of the center of G that 
contains the identity element. 

Take any polystable principal G-bundle Eg over M. Therefore, there is a Levi subgroup 
L(P) associated to some parabolic subgroup P C G (the subgroup P need not be proper) 
along with a holomorphic reduction of structure group El(p) C Eg to L(P), such that 

• the principal L(P)-bundle Eup\ is stable, and 

• the principal P-bundle Ep := El(p)(P), obtained by extending the structure 
group of Eup) using the inclusion L(P) in P, is an admissible reduction of Eg- 

Note that since L(P) C P C G, the P-bundle Ep is a reduction of structure group 
of E G to P. The condition that E P is an admissible reduction of structure group of E G 
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means that for each character x of P, which is trivial on Zq(G), the associated line bundle 
Ep(x) over M is of degree zero. The G-bundle Eq is stable if and only if P = G. 

Since Eq and Eup\ are polystable, they admit unique Einstein-Hermitian connections 
|ABl p. 208, Theorem 0.1]. It should be clarified that the Einstein-Hermitian reduction of 
structure to a maximal compact subgroup depends on the choice of the maximal compact 
subgroup. Even for a fixed maximal compact subgroup, the Einstein-Hermitian reduction 
of structure group need not be unique. However, once the Kahler form on M is fixed, 
the Einstein-Hermitian connection on a polystable principal bundle over M is unique. 
Let be the Einstein-Hermitian connection on the stable L(P)-bundle Eup\. Let 

V G be the connection on Eq induced by V L( - P ^. Note that a connection on L(P) induces 
a connection on any fiber bundle associated to Pl(p)- The principal G-bundle Eg is 
associated to Eup) for the left translation action of L(P) on G, and V G is the connection 
on it obtained from 'V L ^ P \ 

Proposition 2.1. The induced connection V G on Eq coincides with the unique Einstein- 
Hermitian connection on Eq. 

Proof. Since the inclusion map L(P) G need not take the connected component, con- 
taining the identity element, of the center of L(P) into Z (G), the proposition does not 
follow immediately from \AB\ p. 208, Theorem 0.1]. The connection V L ^ on Pl(p) is 
induced by a connection on a smooth reduction of structure group of £x(p) to a maximal 
compact subgroup of L(P) (this is a part of the definition of a Einstein-Hermitian connec- 
tion). A maximal compact subgroup of L(P) is contained in a maximal compact subgroup 
of G. Consequently, the connection V G on Eq is induced by a connection on a smooth 
reduction of structure group of Eq to a maximal compact subgroup of G. Therefore, to 
prove that V is the Einstein-Hermitian connection on Eq it suffices to show that V 
satisfies the Einstein-Hermitian equation. 

Let li\(P)) be the Lie algebra of the center of L(P). For any 9 G j([(P)), the holo- 
morphic section of the adjoint bundle ad(Pp(p)) given by 9 will be denoted by 9; the 
vector bundle ad(P^(p)) is associated to Pl(p) for the adjoint action of L(P) on its Lie 
algebra. Let be the adjoint of multiplication by uj of differential form on M. That the 
connection V i< - p - ) is Einstein-Hermitian means that there is an element 9 E ^([(P)) such 
that the Einstein-Hermitian equation 



If 9 in eqn. (12. ID is in the Lie algebra l(G) of Zq(G), then V G is a Einstein-Hermitian 
connection on Eq. Therefore, in that case the proposition is proved. Assume that 



(2.1) 



A w /C v l(p) — 



9 



holds. 



(2.2) 



9 ti{G). 
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Fix a character x of P which is trivial on Zq(G) but satisfies the following condition: the 
homomorphism of Lie algebras 

(2.3) d X : p — > C 

given by Xi where p is the Lie algebra of P, is nonzero on 9. (It is easy to check that the 
group of characters of P coincides with the group of characters of L(P).) 

Consider the holomorphic line bundle L x := Ep(x) over M associated to Ep for \- 
Let V x be the connection on L x induced by the connection on Ep given by V L(P) . Since 
is a Einstein-Hermitian connection, the connection V x is also Einstein-Hermitian. 
Indeed, if /C(V X ) is the curvature of V x , then 

A W /C(V X ) = d X (9) , 

where d% is the homomorphism in eqn. (12.31) and 9 is the element in eqn. ( 12.11) . Therefore, 

(2.4) degre e(LJ = «g^EIp, 

where d = dimcM; see |Kobt p. 103, Proposition 2.1]. 

The condition that E P C E G is an admissible reduction of structure group says that 

degree(L x ) = . 

This, in view of the assumption in eqn. (12. 2p that dx(9) ^ 0, contradicts eqn. (12. 4p . 
Therefore, we conclude that 9 e 3(G). This immediately implies that the connection V 
on Eq is Einstein-Hermitian. This completes the proof of the proposition. □ 

Let Eg be a holomorphic principal G-bundle over M and V a C°° connection on Eq 
compatible with the holomorphic structure of Eq- Such a connection is called a complex 
connection; see |AB[ p. 230, Definition 3.1(1)] for the precise definition of a complex 



connection. A connection V is complex if and only if the (0 , 2)-Hodge type component 
of the curvature of V vanishes identically. 

Definition 2.2. Let H be a closed complex subgroup of G and Eh C Eq a C°° reduction 
of structure group of E G to H. We will say that E H is preserved by the connection V' if 
V induces a connection on E H . 

It follows immediately that Eh is preserved by V if and only if there is a smooth 
connection on Eh that induces the connection V' on Eq. It is easy to see that Eh is 
preserved by V' if and only if for each point z G Eh, the horizontal subspace in T z Eq 
for the connection V is contained in T z Eh- If Eh is preserved by V, then Eh is a 
holomorphic reduction of structure group of E G . 

Theorem 2.3. Let Eq be a stable principal G-bundle over M and V G the Einstein- 
Hermitian connection on Eq. Let H be a complex reductive subgroup of G which is not 
necessarily connected, and let Eh C Eq be a holomorphic reduction of structure group of 
E G to H . Then E H is preserved by the connection V G . 
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Proof. Let Hq C H be the connected component containing the identity element. Set 

X := E H /H , 

which is finite etale Galois cover of M with Galois group H/H Q . Let 

(2.5) p : X — > M 

be the projection. We note that p*Eu has a canonical reduction of structure group to the 
subgroup H C H. Set 

F G := p*E G . 

Let Fjj C Fq be the reduction of structure group to H obtained from the canonical 
reduction of structure group of p*E H to H . 

Equip X with the Kahler form p*u. The Einstein-Hermitian connection on Eq pulls 
back to a Einstein-Hermitian connection on Fq for the Kahler form p*uj. Therefore, 
Fq is polystable with respect to p*u. Let ad(F G ) be the adjoint bundle over X. We 
recall that ad(.F G ) is associated to Fq for the adjoint action of G on its Lie algebra. The 
connection on the vector bundle ad(_F G ) induced by the Einstein-Hermitian connection of 
Fq is clearly Einstein-Hermitian. Hence the adjoint vector bundle ad(.F G ) is polystable. 

Let Z(G) be the center of G. Set 

H' := H /(H H Z(G)) . 

Therefore, H' is a complex reductive subgroup of the complex semisimple group G' : = 
G/Z(G). Let q (respectively, f)o) be the Lie algebra of G (respectively, H ). Note that 
the adjoint action makes jj (respectively, f)o) a G"-module (respectively, if '-module). We 
will also consider g as a if'-module using the inclusion of H' in G' . 

Since q is a faithful G'-module, and H' is a reductive subgroup of G', there is a positive 
integer N and nonnegative integers a^b^ i G [1 , i\T], such that the if'-module f) is a 
direct summand of the if'-module 

N N 

(2.6) Q® ai ® = ^ ® 

i=l i=l 

|Del p. 40, Proposition 3.1]; since if' is complex reductive, any exact sequence of H'- 
modules splits; also, g = g* as G is reductive. Therefore, the adjoint vector bundle 
ad(Fff ) is a direct summand of the vector bundle 

N 

(2.7) ad(F G f a * (g) ad(F G )® 6i . 

i=l 

We note that the vector bundle in eqn. (12.71) is associated to Fh for the ifo _m odule in 
eqn. 

Since the adjoint vector bundle ad(F G ) is polystable of degree zero (recall that ad(F G ) = 
ad(F G )*), the vector bundle 

&d{F G f a ® ad(F G ) 0fe 
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is polystable of degree zero for all a,b G N \AB\ p. 224, Theorem 3.9]. Therefore, 
the vector bundle in eqn. ( 12. 71) is polystable of degree zero. Since ad(F^ ) is a direct 
summand of it of degree zero, we conclude that a.d(F Ho ) is also polystable. Consequently, 
the principal H -b\md\e F Ho is polystable |ABl p. 224, Corollary 3.8]. Hence F Ho admits 
a unique Einstein-Hermitian connection jABl p. 208, Theorem 0.1]. Let be the 
Einstein-Hermitian connection on Fh - So, there is an element v G f) such that 

(2.8) A P ^/C(V Ho ) = 9, 

where JC(V Ho ) is the curvature of V^ , and v is the holomorphic section of ad(p*En) = 
ad(F Ho ) given by v. 

Since H/H is a finite group, giving a connection on a principal H -bund\e is equiva- 
lent to giving a connection on the principal if -bundle obtained from it by extension of 
structure group. From the uniqueness of the Einstein-Hermitian connection on Fh it 
follows that the corresponding connection on p*En is left invariant by the action of the 
Galois group H/H . Consequently, the connection on p*En given by V Ho descends to a 
connection on Eh- Let denote the connection on Eh obtained this way. It is clear 
that is a complex connection. 

Let V be the complex connection on Eg induced by the above connection on Eh- 
We will first show that V is unitary, which means that V is induced by connection on a 
smooth reduction of structure group of E G to a maximal compact subgroup of G. Then 
we will show that V satisfies the Einstein-Hermitian equation. 

To prove that V is unitary, fix a point xq G M, and also fix a point zq G (Eg) Xo in 
the fiber of Eq over xq. Taking parallel translations of Zo, with respect to the connection 
V, along piecewise smooth paths in M based at xo we get a subset S of Eg- Sending 
any g G G to the point z g G (Eg) Xo we get an isomorphism G — > (Eg) Xq - Using 
this isomorphism, the intersection (Eg) xo f]<S is a subgroup K E of G. The condition that 
the connection V is unitary is equivalent to the condition that Ke is contained in some 
compact subgroup of G. 

Fix a point x G p _1 (s ), and also fix a point z G {p*E G ) x that projects to z, where 
p is the covering map in eqn. (12.51) . Consider parallel translations of z, with respect to 
the connection p*V on p*Eg ='■ Fg, along piecewise smooth paths in X based at x. As 
before, we get a subgroup K F C G from the resulting subset of F G - It is easy to see that 
Kp is a finite index subgroup of the group Ke constructed above. 

We note that the connection p*V on Fg is induced by the unitary connection V Ho on 
the reduction Fh of Fq- Therefore, the connection p*V is unitary. Consequently, the 
subgroup K F C G is contained in a compact subgroup of G. Using this together with 
the observation that Kp is a finite index subgroup of the subgroup Ke C G we conclude 
that Ke is also contained in a compact subgroup of G. Thus the connection V is unitary. 

We will now show that V satisfies the Einstein-Hermitian equation. 
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Let /C(V) be the curvature of the connection V. From eqn. (12.81) it follows immediately 
that A P * W JC(V H °) is a holomorphic section of ad(p*En)- Consequently, A W /C(V) is a 
holomorphic section of the adjoint vector bundle a,d(Ea)- 

Since Eg is stable, it can be shown that all holomorphic sections of ad(Ec) are given by 
the Lie algebra 3(G) of Z (G). To prove this consider the Einstein-Hermitian connection 
on ad(Eo) induced by the Einstein-Hermitian connection on Eg- We have ad(Ec)* = 
ad (.Eg) because G is reductive. Hence the constant in the Einstein-Hermitian equation for 
&d(E G ) vanishes (see \Kob\ p. 99, Proposition (1.4)(2)]). Therefore, the mean curvature 
for the Einstein-Hermitian connection on ad(Ec) vanishes (see [Kobl p. 51, (1.7)] for the 
definition of mean curvature, and [Kobl p. 99] for the expression of the Einstein-Hermitian 
equation in terms of mean curvature). Since the mean curvature of the Einstein-Hermitian 
connection on ad(E^) vanishes, from |Kobt p. 52, Theorem (1.9)] it follows that any 
holomorphic section of a.d(Ec) is flat with respect to the Einstein-Hermitian on it. Now 
the fact that Eg is stable implies that any flat section of ad (.Eg) for the Einstein-Hermitian 
on it is given by some element of 3(G); see the proof of |Ral| p. 136, Proposition 3.2]. 

In other words, there is an element 9 G 3(G) such that A^/C(V) coincides with the 
section of ad(Ec) given by 9. Thus, we conclude that the connection V is the unique 
Einstein-Hermitian connection on Eq- Since V is induced by a connection on Eh, the 
proof of the theorem is complete. □ 

Proposition 12.11 and Theorem 12.31 together have the following corollary. 

Corollary 2.4. Let Eg be a polystable G-bundle over M . Take El(p) as in Proposition 
\2.1[ Let H be a complex reductive subgroup of L(P) (not necessarily connected), and let 
Eh C -Ex(p) be a holomorphic reduction of structure group of E L ^ to H. Then E H is 
preserved by the Einstein-Hermitian connection on Eq. 



3. Properties of a smallest reduction 

Let Eg be a stable principal G-bundle over M. Fix a point xq G M, and also fix a 
point Zq G (Eg) xo m the fiber over xq. Let V G be the Einstein-Hermitian connection on 
Eg- 

Taking parallel translations of Zq, with respect to V G , along piecewise smooth paths in 
M based at xq we get a subset S of Eg- Let S be the topological closure of S in Eq- The 
map G — > (Eg) Xo defined by g 1 — > z^g is an isomorphism. Using this isomorphism, 
the intersection (Eg) Xo f]<S gives a compact subgroup Ke C G. The subset S C Eq is 
a G°° reduction of structure group of Eg to the subgroup Ke- Let K E be the complex 
reductive subgroup of G obtained by taking the Zariski closure of K E in G. The subset 

(3.1) E z ° := SKl C E G 

K E 
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is a holomorphic reduction of structure group of Eq to K E ; see [Bll Section 3] for the 

c 

details. It is easy to see that the principal i^-bundle E_\ is the extension of structure 



^E 



group of the principal K^-bundle S. 

We note that in [Bi], the point zq is taken to be in the subset of Eg given by an 

Einstein-Hermitian reduction of structure group (see [Rj], p. 71, (3.20)]). This was done 

only to make K E lie inside a fixed maximal compact subgroup of G. If we replace the 

base point zo by zog, where g is any point of G, then it is easy to see that the subset 

S constructed above using z gets replaced by Sg. Therefore, the subgroup K E in eqn. 

_____ 

(13. ip gets replaced by g~ 1 K E g, and the reduction E!% C E G in eqn. (13. ip gets replaced 

by E^g. 

K E 

We note that (K^ , £25c ) in eqn. (13.11) is a minimal complex reduction of Eg in the 

K E 

— c 

following sense: There is no complex proper subgroup of K E to which E_^ c admits a 

K E 

holomorphic reduction of structure group which is preserved by the connection V G . In- 
deed, this follows immediately from the construction of E^ . Furthermore, if Eh> C Eg 

K E 

is a holomorphic reduction of structure group of Eg, to a complex subgroup H' C G, 
satisfying the two conditions: 

• E H i is preserved by V G , and 

• there is no complex proper subgroup of H' to which Eh> admits a holomorphic 
reduction of structure group which is also preserved by V G , 

then it follows immediately that there is a point zq e (Eg) Xo such that Eh> = E^° c . 

K E 

Indeed, z can be taken to be any point of the fiber (E H >) Xo . 

Let if be a complex reductive subgroup of G which is not necessarily connected, and 
let Eh C Eg be a holomorphic reduction of structure group to H of the stable G-bundle 
Eg- This reduction Eh will be called a minimal reductive reduction of Eg if there is no 
complex reductive proper subgroup of H to which Eh admits a holomorphic reduction of 
structure group. 

In view of the above observations, using Theorem 12.31 get the following theorem: 

Theorem 3.1. Let Eq be a stable principal G -bundle over a compact connected Kahler 
manifold M , where G is a connected reductive complex linear algebraic group. Let Eh C 
Eq be a minimal reductive reduction of Eg- Fix a point xq € M. Then there is a point zq 
in the fiber (Eg) Xo such that E^- (defined in eqn. (13. ip ) coincides with Eh- In particular, 

K E 

— c 

the subgroup H coincides with K E for such a base point zq. 

Let Ad(Ec) be the adjoint bundle for Eg- So Ad(Ec) is the fiber bundle over M 

associated to Eq for the adjoint action of G on itself. The fibers of Ad(Ec) are groups 

c 

isomorphic to G. Let Ad(_Ef_ c ) be the adjoint bundle of the principal iY^-bundle E^L C 
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defined in eqn. (13.11) . Since E%. is a holomorphic reduction of structure group of E G , 

K E 

the fiber bundle Ad(E!% ) is a holomorphic sub-fiber bundle of Ad(Ec) with the fibers 
of Ad{E^l c ) being subgroups of the fibers of Ad(Eo)- 

K E 

— c 

We noted earlier that if z is replaced by z g, where g E G, then the subgroup K E gets 
replaced by g~ x K E g, and E!% gets replaced by E^g. From this it follows immediately 

K e Ke 

that the subbundle 

Ad(E^) c Ad(E G ) 

is independent of the choice of the base point z . 

Therefore, from Theorem 13.11 we have the following corollary: 

Corollary 3.2. Let Eq be a stable principal G-bundle over a compact connected Kahler 
manifold M , where G is a connected reductive complex linear algebraic group. Then there 
is a unique holomorphic sub-fiber bundle Qe g of the adjoint bundle Ad(Ec), with fibers 
being subgroups, that satisfies the following condition: For any minimal reductive reduction 
Eh of Eq, the adjoint bundle Ad(En), which is a sub-fiber bundle of Ad(Ec), coincides 
with Qe g - 

From Theorem 13. II it follows that the sub-fiber bundle Qe g C Ad(E@) in Corollary 13.21 
is the complexification of the holonomy of the Einstein-Hermitian connection on Eq. We 
note that for defining stable bundles we need only the Kahler class [u] E H 2 (M, R). In 
other words, the stability condition does not depend on the choice of the Kahler form in 
a given Kahler class. On the other hand, the Einstein-Hermitian connection on a stable 
bundle depends on the choice of the Kahler form. From Corollary 13.21 it follows that the 
sub-fiber bundle Qe g does not depend on the choice of the Kahler form in a given Kahler 
class. In fact, it does not even depend on the Kahler class as long as Eq remains stable. 

We note that using Corollary 13.21 and [BKl Theorem 20] it follows that the algebraic 
holonomy of Eq coincides with the fiber (Qe g )x when M is a complex projective manifold. 

4. Kahler-Einstein metric and irreducibility 

A Riemannian manifold (X ,gx) is called locally reducible if for each point x E X, there 
is some open neighborhood x G U C X such that the Riemannian manifold (U ,gx\u) 
is isometrically isomorphic to a Cartesian product (U\ x U 2l gi x g 2 ), where (Ui,gi), 
i = 1,2, are Riemannian manifolds of positive dimensions. A Riemannian manifold is 
called irreducible if it is not locally reducible; see [Jol p. 47]. 

Let (M , g) be a compact connected Kahler manifold. The Kahler form associated to g 
will be denoted by uj. Let p(g) denote the Ricci form associated to the Kahler metric g. 
We assume that (M , g) satisfies the Kahler-Einstein equation 

(4.1) p(g) = X-uj 
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for some constant A G R. 

Let Hol(g) C U(n) be the holonomy of the Levi-Civita connection of the Kahler metric 
g on the compact manifold M. We know that Hol(g) is a closed subgroup of U(n) [Jo] 
p. 50, Theorem 3.2.9]. Therefore, if M is simply connected, then Hol(g) is a connected 
closed subgroup of U(n). 

Henceforth, we will employ the following conventions: The real tangent bundle of a 
complex manifold X will be denoted by TX, while its holomorphic tangent bundle will 
be denoted by T 1,0 X. 

The proof of the following lemma is due to Dominic D. Joyce. 

Lemma 4.1. Assume that the holonomy group Hol(g) of the compact Kahler-Einstein 
manifold (M , g) is connected. If the underlying Riemannian manifold (M , g) is locally 
reducible, then it is isometrically isomorphic to a Cartesian product (Mi x M 2 ,g± x g 2 ), 
where (Mi,gi), i — 1,2, are Riemannian manifolds of positive dimensions. 

Proof. Assume that (M , g) is locally reducible. Let U be an open subset M such that 
(U , g\u) is isometrically isomorphic to a product {U\ x U 2 , g\xg 2 ), where (C/j ,gi),i = 1, 2, 
are Riemannian manifolds of positive dimensions. Fixing such an isometry, we get an 
orthogonal decomposition of the real tangent bundle 

(4.2) TU = plTUt © p*TU 2 , 

where p, : U\ x U 2 — > Ui, i = 1,2, are the natural projections. 

Since g\u = g\ x g 2 , the decomposition in eqn. (14.21) is preserved by the Levi-Civita 
connection for g\u. Also, the assumption that g satisfies the Kahler-Einstein equation in 
eqn. ( 14.11) implies that g is real analytic with respect to the holomorphic coordinates on M 
|DKl p. 259, Theorem 6.1(c)]. Therefore, the assumption that the holonomy group Hol(g) 
is connected implies that the holonomy of [U ,g\u) is dense in Hol(g). Consequently, the 
subbundles in the decomposition of TU given in eqn. (14.21) are preserved by Hol(g). 

Hence the local decomposition in eqn. (14. 2 p over U extends to an orthogonal decom- 
position of the vector bundle TM over M 

(4.3) TM = Wx © W 2 

which is preserved by the Levi-Civita connection for g (see [Jol p. 47, Proposition 3.2.2]). 
To construct the subbundle Wi, fix a point z G U, and take parallel translations of the 
subspace T Z U C T Z M along the piecewise smooth paths in M based at z. 

Now from [Jo, p. 47, Proposition 3.2.3] and [Jo] p. 49, Theorem 3.2.7] the lemma 
follows. □ 

We note that if the constant A in eqn. (14.11) is nonzero, then the compact Kahler 
manifold M is a complex projective manifold. 

Proposition 4.2. Assume that the following three conditions are valid: 
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• the constant A in eqn. (14.11) is nonzero, 

• the holonomy Hol(g) of the Kahler- Einstein manifold (M , g) is connected, and 

• the underlying compact Riemannian manifold (M , g) is locally reducible. 

Then rank(NS(M)) > 2, where NS(M) is the Neron-Severi group of the variety M. 

Proof. Since (M ,g) is locally reducible, by Lemma \A. II it is isometrically isomorphic to a 
Cartesian product (Mi x M 2 , g± x g 2 ), where (Mj ,gi),i = 1,2, are Riemannian manifolds 
of positive dimensions. We fix such an isometry; using it, the Riemannian manifold (M , g) 
will be identified with (Mi x M 2 ,gi x g%). Let 

(4.4) Pi : M 1 x M 2 — M { , 
z = 1,2, be the natural projections. Let 

(4.5) qi :TM = T{M 1 x M 2 ) — > p*TMj 

be the differential of the above map Pi with TM being the real tangent bundle. Let 

(4.6) ft : plTM, — > T(Mi x M 2 ) = TM, 
i — 1,2, be the natural inclusions. 

Let 

J : TM — > TM 

be the almost complex structure of M, where TM is the real tangent bundle of M. We 
have a smooth homomorphism of vector bundles 

(4.7) St : TM — ► TM 
defined by 

v ^ fMJ(v))) - J(fMv))) , 

where /j and are defined in eqn. (14.61) and eqn. (14.51) respectively. 
Let 

(4.8) x ■ T°' l M — ► n l M := (T ll0 M)* 

be the smooth isomorphism of complex vector bundles given by contractions of the Kahler 
form w on M. 

We first assume that A > 0, where A is the constant in eqn. (14.11) . 

Consider Si constructed in eqn. ( 14.71) . Let 

S'i : T lfi M — ► T°' l M 

be the homomorphism obtained from S{ using the canonical identifications of real vector 
bundles 

(4.9) T 1,0 M = TM = T°' l M 

that are given by the maps v i — >■ v — \/—lJ(v) and v \ — >■ v + y/—U(v). Set 

(4.10) 0, := xoS'i : T 1,0 M — > tf M , 
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where x is defined in eqn. (14.81) . and S[ is constructed above. 

Since g is a Kahler metric, both J and u are parallel with respect to the Levi-Civita 
connection on M. The homomorphisms fi and qi are also parallel. Therefore, the section 
of Q} M ® Vt\ { given by 0; (constructed in eqn. (14.101) ) is flat with respect to the Hermit- 
ian connection on the holomorphic vector bundle Q l M ® Q l M induced by the Levi-Civita 
connection on T 1,0 M. In particular, 0j is a holomorphic section of Q l M <%) n l M . Let 

(4.11) <Tj G H°(M, Q} M ® n l M ) 
be the holomorphic section give by 0«. 

A Kahler-Einstein metric on M is an Einstein-Hermitian metric on the holomorphic 
vector bundle T 1,0 M. Therefore, the Hermitian metric on the holomorphic vector bundle 
Q} M ® Q} M induced by g is Einstein-Hermitian. Consequently, the vector bundle Q} M <8> Q} M 
is polystable. The condition that A in eqn. (14. ip is positive implies that 

degree(fij v/ <g> Q} M ) < . 

Since Q} M ® Q} M is polystable of negative degree, we know that 

h°(m, n^® til,) = o. 

In particular, the section cij in eqn. (14.1 ip vanishes. From this it follows immediately that 
the homomorphism Si in eqn. (14 .7p vanishes. 

Since <5j vanishes, the image of the homomorphism /j in eqn. (14.61) is preserved by J. 
The flatness of J ensures that the restriction of the homomorphism J to the image of /, 
descends to an almost complex structure on Mj. In fact, the projection pi : M — > Mi in 
eqn. (14.41) is holomorphic. In other words, Mj has a unique complex structure satisfying 
the condition that the map pi is holomorphic. 

The complex manifolds Mi and M2 are projective algebraic. Indeed, for any positive 
(1 , l)-form 9 on M representing a rational cohomology class, the fiber integral 

JM/M-i 

is a positive (1 , l)-form on Mi representing a rational cohomology class. Hence Mi is a 
complex projective manifold. 

Since both Mi and M2 are complex projective manifolds of positive dimensions, we 
have rank(NS(M)) > 2 under the assumption that A in eqn. (14.11) is positive. 

Now we assume that A < 0, where A is the constant in eqn. (14. ip . 

Let 

S» : T 0,1 M — ► T 1,0 M 

be the homomorphism given by Si (constructed in eqn. (14.71) ) together with the isomor- 
phisms in eqn. (I4.9p . Let 

(4.12) := S'ox- 1 : & M — . T 1,0 M 
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be the homomorphism, where \ is the isomorphism in eqn. (14. 8p . 

As J, u), f\ and are all parallel with respect to the Levi-Civita connection for g, the 
section of (T l,0 M)® 2 given by the homomorphism ipi (constructed in eqn. (j4.12|) ) is flat 
with respect to the Hermitian connection on (T 1,0 M)® 2 induced by g; in particular, this 
section of (T 1,0 M)® 2 is holomorphic. 

As A in eqn. (14.11) is negative, the holomorphic vector bundle (T 1,0 M)® 2 is polystable 
of negative degree. Consequently, (T 1,0 M)® 2 does not admit any nonzero holomorphic 
sections. In particular, the section of (T 1,0 M)® 2 given by ipi in eqn. (14. 12f) vanishes 
identically. This implies that <5j in eqn. (14. 7p vanishes, proving that Mj has a complex 
structure such that the projection pi in eqn. (14. 4p is holomorphic. Now, as before, we 
conclude that Mj, i = 1,2, are projective algebraic, and rank(NS(M)) > 2. This 
completes the proof of the proposition. □ 

Any irreducible smooth complex projective variety whose canonical line bundle is ample 
admits a Kahler-Einstein metric |Auj . |Yaj . Hence Proposition 14.21 has the following 
corollary: 

Corollary 4.3. Let M be a simply connected, irreducible smooth complex projective va- 
riety of Picard number one. If the canonical line bundle Km is ample, then any Kahler- 
Einstein metric on M is an irreducible Riemannian metric. 

Proof. The constant A in eqn. (14. ip is negative because Km is ample, while the holonomy 
is connected because M is simply connected. □ 

5. NONSYMMETRIC KAHLER-ElNSTEIN METRICS 

A Riemannian manifold (X , g) is called locally symmetric if each point x G X admits 
some open neighborhood U C X with the following property: there is an isometric involu- 
tion U — > U with unique fixed point x. A Riemannian manifold is called nonsymmetric 
if it is not locally symmetric (see [Jo] p. 54, Definition 3.3.6]). 

Proposition 5.1. Let (M,g) be a connected, simply connected complete Riemannian 
manifold, and let J be an almost complex structure on M, such that (M ,g,J) is a Kdhler 
manifold. If the Riemannian manifold (M , g) is locally symmetric, then (M ,g,J) is a 
Hermitian symmetric space. 

Proof. Assume that the Riemannian manifold (M , g) is locally symmetric. Since M is 
simply connected, and g is a complete Riemannian metric, we know that (M , g) is globally 
symmetric [He, p. 223, Corollary 5.7]. 

Fix a point xq e M. Let 



(5.1) 



r : M — > M 
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be the isometric involution of M for which x$ is an isolated fixed point. Take any point 
y G M, and set z = r(y). To prove that (M ,g , J) is Hermitian symmetric we need to 
show that r is a holomorphic map. 

There is a geodesic arc 

C : [-to, to] — M 
of unit speed such that C(—to) = y, C(t ) = z and C(0) = x$. Let 

(5.2) A : T y M — ► T Z M 

be the isometric isomorphism obtained using parallel transport along the above geodesic 
arc C. 

We will show that the homomorphism A in eqn. (15.21) satisfies the identity 

(5.3) A=-(dr)(y), 
where dr is the differential of the map r in eqn. (15. ip . 

To prove eqn. (15.31) . we employ the notation of [Hej . We write M = G/K, where G is 
the connected component, containing the identity element, of the isometry group of M, 
and K C G is the isotropy of a fixed point po G M. The unique isometry of G/K with 
eK = p as the isolated fixed point, which is s po in the notation of [He], is given by an 
involutive automorphism cr of G (see [He., p. 208, Theorem 3.3(i)]). Let 

(5.4) g = t ©p 

be the decomposition as in [He! p. 208, Theorem 3.3 (iii)] , where g and t are the Lie 
algebras of G and K respectively. 

Take any X G p = T e ^{Gj K). Then the map 

7 : R — > G/K 

defined by s \ — > exp(sX)K is the unique geodesic passing through eK with tangent X 
\He\ p. 208, Theorem 3 .3 (iii)] . Furthermore, for any Y G p, 

j t exp(X)exp(tY)K G T l(l) {G/K) 

is the parallel transport of the tangent vector Y G T e x{G/ K) at eK to the point 
exp(X) = 7(1) along the geodesic 7 |Hel p. 208, Theorem 3 .3 (iii)] . Therefore, the 
parallel transport 

T l{l) {G/K) — T lhl) (G/K) 
along 7 coincides with the homomorphism defined by 

(5.5) ^exp(X)exp(tY)K 1 — ► ^exp(-X) exp(tY)K . 

On the other hand, since the above mentioned involution s Po of G/K is given by an 
automorphism of the group G, the differential, at 7(1) G G/K, of s po 

(d Spo )( 7 (l)) : T 1{1) {G/K) — T 7( _ a) (G/J0 
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coincides with the homomorphism defined by 

(5.6) ^-exp(X)exp(tY)K i — ► ^ exp(-X) exp(-tY)K . 

Clearly, the homomorphisms in eqn. (I5.5P and eqn. (15. 6p differ by multiplication with 
— 1. Now setting p = x , and taking X e p such that exp(X) = y, we conclude that 
eqn. (15. 3p holds. 

Consider the almost complex structure J : TM — ► TM on M. Since (M ,g,J) is a 
Kahler manifold, the isomorphism J is parallel with respect to the Levi-Civita connection 
for g. This implies that 

A O j y — O A , 

where A is the isomorphism in eqn. (15. 2p . and J x denotes the restriction of J to a; G M. 
Therefore, from eqn. (15.31) it follows that 

(5.7) (dr(y)) o J y = J z o(dr{y)). 

From eqn. (15.71) we conclude that the map r is holomorphic. In other words, (M ,g,J) 
is a Hermitian symmetric space. This completes the proof of the proposition. □ 

Lemma 5.2. Let M be a simply connected, irreducible smooth complex projective variety. 
Assume that M admits a Kahler metric such that the underlying Riemannian manifold is 
locally symmetric. Then M is biholomorphic to Gc/P, where ('• ■ is a complex semisimple 
linear algebraic group, and P C Gc is a parabolic subgroup. 

Proof. From Proposition 15. II we know that M is biholomorphic to a Hermitian symmetric 
space. From the classification of simply connected, compact Hermitian symmetric spaces 
we know that 

(5.8) M = G C /P, 

where Gc is a complex semisimple group, and P C Gc is a parabolic subgroup. □ 
Clearly, 

dimAut(G c /P) > dimG c , 

where Gc and P are as in eqn. ( 15.81) . and Aut(Gc/-P) is the group of all biholomorphic 
automorphisms of Gc/P. Hence Lemma [5.21 has the following corollary: 

Corollary 5.3. Let M be a simply connected, irreducible smooth complex projective va- 
riety, with dimM > 0, such that the group of all algebraic automorphism of M is finite. 
Assume that M admits a Kahler-Einstein metric. Then any Kahler-Einstein metric on 
M is nonsymmetric. 
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6. Algebraic holonomy and Kahler-Einstein metric 

In this section we will compute the algebraic holonomy of the holomorphic tangent 
bundle of some complex projective manifolds admitting a Kahler-Einstein metric. 

Theorem 6.1. Let M be a simply connected, irreducible smooth complex projective va- 
riety, of complex dimension n, such that the canonical line bundle K M is ample, and 
rank(NS(M)) = 1. Then the algebraic holonomy of the holomorphic tangent bundle 
T lfl M is GL(n,C). 

Proof. Fix a Kahler-Einstein metric g on M, which exists by |Auj . [YaJ. We know that 
the algebraic holonomy of M is a complexification of the holonomy of the Kahler-Einstein 
metric g (see Theorem 13.11) . Therefore, it suffices to show that the holonomy of g is full 
U(n). 

Corollary 14.31 says that (M , g) is irreducible. As Km is ample, the biholomorphic 
automorphism group of M is finite. Hence from Corollary 15.31 it follows that (M , g) is 
nonsymmetric. 

Now using the classification, due to Berger, of holonomy groups of simply connected, 
irreducible and nonsymmetric compact Riemannian manifolds it can be shown that the 
holonomy of (M , g) is U(n); see |Jo[ p. 55, Theorem 3.4.1]. Indeed, in the list of holonomy 
groups, only U(n), SU(ra) and Sp(n/2) (the last case occurs when n is even) can arise as 
holonomy of simply connected, irreducible and nonsymmetric compact Kahler manifolds 
of complex dimension n; this follows from the fact that these are the only entries in the 
Berger's list of holonomy subgroups of 0(2n) that are conjugate to some subgroup of 
U(n) (see (JoJ p. 58]). If the holonomy of (M ,g) is SU(n) or Sp(ra/2), then Km must be 
trivial, while we know Km to be ample. This completes the proof of the theorem. □ 

Theorem 6.2. Let M be an irreducible smooth complex projective variety of complex 
dimension n satisfying the following four conditions: 

• the anticanonical line bundle K M l is ample, 

• rank(NS(M)) = 1, 

• the biholomorphic automorphism group of M is finite, and 

• M admits a Kahler-Einstein metric. 

Then the algebraic holonomy of the holomorphic tangent bundle T 1,0 M is GL(n, C). 

Proof. Fix a Kahler-Einstein metric g on M. As in the proof of Theorem 16. 1\ we need to 
show that the holonomy of g is U(n). We first note that M is simply connected; it follows 
from |Cal p. 545, Theorem 3.5], [Koll p. 362, Proposition 2.3] combined with [KMM1 
p. 766, Theorem 0.1]. Hence from Proposition 14.21 it follows that (M ,g) is irreducible, 
while Corollary 15.31 shows that (M , g) is nonsymmetric. Now the theorem follows from 
the classification of holonomy groups mentioned in the proof of Theorem 16.11 □ 
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As mentioned in the introduction, the following theorem was formulated by Janos 
Kollar. 

Theorem 6.3. Let M be an irreducible smooth complex projective variety admitting a 
Kahler metric g that satisfies the Kahler-Einstein equation 

(6.1) p(g) = \-u 

for some A ^ 0, where p(g) is the Ricci form for g . Then there is a connected finite Stale 
Galois cover 

(j) : M — - M 

such that the Kahler manifold (M , (p*g) is biholomorphically isometric to a Cartesian 
product 

d 

\[{Ni,gi), 

i=i 

and furthermore, 

• each (Ni,gi), i G [l,d], is a compact connected Kahler manifold satisfying the 
Kahler-Einstein equation with the constant of proportionality coinciding with A in 
eqn. (16. II) . and 

• for each i G [1 , d], at least one of the following two statements is valid: 

(1) The universal cover of N equipped with the pull back of the Kahler metric gt is a 
Hermitian symmetric space. 

(2) The algebraic holonomy ofT l,0 Ni is GL(rij, C) ; where ni is the complex dimension 
ofNi. 

Proof. There is a finite etale Galois cover 

(6.2) (f) : M — ► M, 

with M connected, such that the holonomy of (M ,<f>*g) is connected (see [Jol p. 50, 
Theorem 3.2.9]). Therefore, the Riemannian manifold (M ,<f)*g) is isometric to a finite 
Cartesian product 

d 

8=1 

where each (iVj , gi) is a compact Riemannian manifold whose holonomy representation is 
irreducible [Jol p. 49, Theorem 3.2.7]. Fix such an isometry; using it M will be identified 

with nti^- 

From the proof of Proposition 14.21 it follows that each (iVj , g^) has a natural complex 
structure such that the obvious projection of M = Ylt=i Ni to Ni is holomorphic. We 
give some details of the argument. Let Pi be the projection of Yli=i N{ to N{, and let 
qi (respectively, fi) be the inclusion (respectively, projection) between TM and p*TN. 
Consider the homomorphism 

St : TM — > TM 
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defined by v i — > fi(Qi(J( v ))) — J(fi(<Ii( v )))i where J is the almost complex structure of 
M. In the proof of Proposition 14.21 we showed that the homomorphism Si defined in eqn. 
(14. 7p vanishes. It is straight-forward to check that the proof that Si vanishes also gives 
that the above defined homomorphism Si vanishes. Now, as in the proof of Proposition 
14.21 we conclude that the complex structure of M induces a complex structure on the 
factor Ni such that the projection Yl i=1 Ni — > Ni is holomorphic. 

It is straight-forward to check that gi is a Kahler metric on the complex manifold iVj. 
Since g satisfies the equation in eqn. (16 .11) . it follows that 

p(9i) = A • Ui , 

where p(gi) is the Ricci form of the constant A is as in eqn. (16. ip . and u>i is the Kahler 
form for g^. 

Fix some i G and consider (iVj,^). If (iVj,^) is locally symmetric, then from 

Proposition 15.11 we know that the universal cover of iV, equipped with the pull back of 
the Kahler metric g^ is actually a Hermitian symmetric space. 

Now assume that (Ni , g^) is nonsymmetric. We need to show that the algebraic ho- 
lonomy of T 1,0 Ni is GL(rij), where rii = dime N. For that it suffices to show that the 
holonomy of (N ,gi) is U(rij). 

Assume that (Ni , gi) is locally reducible. From the fact that the holonomy of (M , <ft*g) 
is connected it follows immediately that the holonomy of (N , g^ is also connected. There- 
fore, using Lemma 14.11 we conclude that the holonomy of the Kahler-Einstein manifold 
(Ni ,gi) is a product. But this contradicts the fact that the holonomy representation of 
(Ni , g^ is irreducible. Hence we conclude that (Ni , gi) is irreducible. 

Now from the list of holonomy groups we conclude that the holonomy of (N , g^) is 
U(rij); the details of the argument are in the proof of Theorem 16.11 This completes the 
proof of the theorem. □ 

Remark 6.4. We put down a few remarks on Theorem 16.31 

(1) If A in eqn. (16.11) is positive, then M is simply connected. Hence in that case 
M = M. 

(2) Let Gc be a simple linear algebraic group defined over C and P C Gc a parabolic 
subgroup satisfying the following condition: the adjoint action of P on the nilpo- 
tent radical of the Lie algebra of P is irreducible. Such a parabolic subgroup is 
necessarily a maximal one. In |BK1 Proposition 11] it is shown that the algebraic 
holonomy of T lfi (G c /P) is L(P)/Z(G C ), where L(P) is the Levi quotient of P, 
and Z(G<c) is the center of Gc- 

(3) Take an irreducible Hermitian symmetric space G/K of noncompact type. In 
particular, G is a simple real group, and K C G is a maximal compact subgroup. 
Take a torsionfree cocompact lattice r C G. It can be shown that the holonomy 
of T\G/K is K/Z(G), where Z(G) C G is the center. Therefore, the algebraic 
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holonomy of the holomorphic tangent bundle T 1,0 (T\G/ K) is the Zariski closure 
of K/Z(G) in the group of all complex linear automorphisms of T^(G/K) = p, 
where p is as in eqn. (15 .4p . 
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